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NOTE ON THE 4-DIMENSIONAL CLASP NUMBER OF KNOTS
PETER FELLER AND JUNGHWAN PARK
Abstract. Among the connected sums of two torus knots that have cobordism
distance 1, we characterize which have 4-dimensional clasp number at least 2 and
show that their n-fold connected selfsum has 4-dimensional clasp number at least 2n.
Our proof works in the topological category. To contrast this, we build a family of
topologically slice knots for which the n-fold connected selfsum has 4-ball genus n
and the 4-dimensional clasp number at least 2n.
1. Introduction
In recent article [FP19, Theorem 1.2], the authors determined for which pairs of torus
knots {Tp,q, Tp′,q′} the cobordism distance is equal to 1, with one except. This was done
by comparing explicit constructions of cobordisms with the lower bound for the cobordism
distance using the ν+-invariant [HW16] from the Heegaard Floer knot complex. As an
application, we determined which pairs of torus knots have Gordian distance 1; see [FP19,
Corollary 1.3]. The first result of this article has two motivations. Firstly, when
determining Gordian distance 1 pairs of torus knots, we relied on ν+, but speculated
that the proof could be done using the Tristram-Levine sigantures [Tri69, Lev69];
see [FP19, Remark 4.3]. Here, we partially confirm this speculation using signature
calculations via the Hirzebruch-Brieskorn formula [Bri66, GG05]. Secondly, recent
interest in the 4-dimensional clasp number c4 and its difference to the 4-ball genus
g4 [KM19, Kro20, JZ20, DS20a, DS20b], made us interested in revisiting the lower
bounds we had on Gordian distance of the pairs {Tp,q, Tp′,q′} and what they yield as
lower bounds on c4(K) and c4(#
nK), where K = Tp,q#− Tp′,q′ .
We see this article as shining a spotlight on what can be achieved using a some-
what classical setup of concordance homomorphism, while the new exciting invariants
from [KM19, JZ20, DS20a] might be used to discover interesting phenomena beyond.
We write −J to denote the reverse of the mirror image of a knot J , and we write
gtop4 and c
top
4 to denote the topological counterparts of g4 and c4, respectively.
Theorem 1.1. Let {Tp,q, Tp′,q′} be a pair of positive torus knots and K = Tp,q#−Tp′,q′ .
If g4(K) = 1 and Gordian distance between Tp,q and Tp′,q′ is not 1, then
g4(#
nK) = gtop4 (#
nK) = n and c4(#
nK) ≥ ctop4 (#nK) ≥ 2n.
Furthermore, if {Tp,q, Tp′,q′} is either {T2,7, T3,4}, {T2,9, T3,5}, or {T3,7, T4,5}, then
g4(#
nK) = gtop4 (#
nK) = n and c4(#
nK) = ctop4 (#
nK) = 2n.
We comment on the condition g4(K) = 1. The point is that g4(K) = 1 implies that
{Tp,q, Tp′,q′} must be one of an explicit infinite family of pairs of torus knots, among
which we know which are Gordian distance 1 apart and many are more apart [FP19]; see
Section 3. With this the first part of Theorem 1.1 reduces to showing ctop4 (#
nK) ≥ 2n for
the explicit list of knots K = Tp,q#−Tp′,q′ with g4(K) = 1 and Gordian distance between
Tp,q and Tp′,q′ is not 1. We do this in Section 3 using Tristram-Levine signatures. The
‘furthermore’-part comes down to finding crossing changes. For the pairs {T2,7, T3,4} and
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2 PETER FELLER AND JUNGHWAN PARK
{T2,9, T3,5},1 we believe Theorem 1.1 to be known to experts, but for the pair {T3,7, T4,5}
we will exhibit two crossing changes turning one into the other explicitly.
Question 1.2. Are there other pairs of torus knots for which g4(K) = 1 and c4(K) = 2?
We also obtain further equivalence characterizations of Gordian distance 1 pairs of
torus knots (compare with [FP19, Corollary 1.3]). Let us(J) denote the slicing number
of a knot J . We have the following chain of inequalities:
us(J) ≥ c4(J) ≥ g4(J).
We make a remark that it is unknown whether there is a knot J with us(J) > c4(J)
(see e.g. [OS16, Proposition 6]).
Corollary 1.3. If {Tp,q, Tp′,q′} is a pair of positive torus knots, then the following
statements are equivalent.
(1) The knots Tp,q and Tp′,q′ have Gordian distance 1.
(2) The knot Tp,q#− Tp′,q′ has slicing number 1.
(3) The knot Tp,q#− Tp′,q′ has 4-dimensional clasp number 1.
(4) The pair {Tp,q, Tp′,q′} is one of the following:
(a) {T2,2n+1, T2,2n+3} for n ≥ 0,
(b) {T3,3n+1, T3,3n+2} for n ≥ 1,
(c) {T2,5, T3,4}, {T2,7, T3,5}. 
Question 1.4. Are their pairs of torus knots for which their Gordian distance is strictly
larger than c4(#
nK)/n for some integer n ≥ 1?
Given that not just c4 − g4 but also ctop4 − g4 can be large even on connected sums
of a positive and a negative torus knots (by Theorem 1.1), it seems interesting to find
a family of examples of topologically slice knots on which c4 − g4 is unbounded. Note
that if J is topologically slice (i.e. ctop4 (J) = g
top
4 (J) = 0), then the Tristram-Levine
signature obstruction for the 4-dimensional clasp number vanishes; hence, one needs to
use other invariants. Following the footsteps of Livingston-Friedl-Zentner [FLZ17] and
Juhazs-Zemke [JZ20] among others, we use Ozsva´th-Stipsicz-Szabo´ Υ-invariant [OSS17]
to find such families:
Let D denote the positive untwisted Whitehead double of the right-handed trefoil,
and let Jp,q denote the (p, q)-cable of a knot J , where p is the longitudinal winding.
Theorem 1.5. If Ki = D2,2i+1#−T2,2i+1#−D where i > 1, then Ki is a topologically
slice knot with
g4(#
nKi) = n and c4(#
nKi) ≥ 2n.
The lower bounds obtained by using Tristram-Levine signatures and Ozsva´th-Stipsicz-
Szabo´ Υ-invariant for c4 fall into a rather general setup of invariants going back to
Livingston [Liv04]; see Section 2. However, the lower bound for ctop4 cannot be obtained
in the exact same way. Regardless, we provide a bound for ctop4 (see Lemma 2.2) that
yields the topological statements of our results above.
By design, the invariants we consider do not (or at least not in an obvious way)
allow to show that c4(J) > 2g4(J) or c4,+(J) > g4(J), where c4,+ denotes a version of
the 4-dimensional clasp number that only counts positive clasps. In particuar, such
invariants will not allow to answer the next question. In contrast, the recent work
that was part of the inspiration for this note [KM19, JZ20, DS20a] has the potential to
address the following question. In fact, [DS20a, Theorem 1] shows that the gap between
c4,+ and g4 can be made arbitrarily large.
1these pairs are familiar in singularity theory as the knots of singularities of the pairs of simple
singularities {A6, E6} and {A8, E8}, which have a δ-constant deformations to A4 and A6, respectively.
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Question 1.6. Are there 4-ball genus 1 knots with arbitrarily large 4-dimensional clasp
number? Denoting by C the set of smooth concordance classes, is lim sup
[J ]6=0∈C
c4(J)
g4(J)
> 2?
Acknowledgements. We thank Jennifer Hom, Allison Miller, Patrick Orson, and
Mark Powell for helpful discussions.
2. Lower bounds on c4 and g4 from concordance homomorphism
First, we consider the smooth category. The 4-dimensional clasp number c4(J) of
a knot J can be defined as the smallest non-negative integer k such that J can be
turned into the unknot using a finite sequence of smooth concordances and crossing
changes with at most k crossing changes. Equivalently, one can define the 4-dimensional
clasp number as the smallest non-negative integer k such that there is a smoothly
immersed disk with k transverse double points (also called clasps) in B4 bounding J ;
indeed, any such disk is isotopic to a smoothly immersed disk resulting from stacking a
smooth concordance, the trace of k crossing changes, and a smooth slice disk; see [OS16,
Proposition 2.1]. One defines weighted version c4,+(J) (resp. c4,−(J)) as the smallest
non-negative integer of positive-to-negative (resp. negative-to-positive) crossing changes
in a sequence as above. In particular, for any knot J ,
(2.1) c4,+(J) + c4,−(J) ≤ c4(J).
We recall a setup implicit in [Liv04] and explicit in [Fel14, Lemma 17] and [FLZ17,
Lemma 17]. Let C denote the smooth knot concordance group.
Lemma 2.1. Let ν : C → R be any homomorphism such that
• ν(J) ≤ g4(J) for every knot J and
• there exists a knot J ′ with ν(J ′) = 1 such that J ′ can be turned into a smoothly
slice knot by a positive-to-negative crossing change,
then, for each knot J , we have
(2.2) |ν(J)| ≤ g4(J), ν(J) ≤ c4,+(J), and − ν(J) ≤ c4,−(J).
For explicit examples of ν and their treatment via this approach, we point to [Liv04,
Corollary 3] for ν(J) = τ(J), [Fel14, Lemmas 11 and 17] for ν(J) = −σω(J)/2 when
ω is regular, and [Liv17, Theorem 13.1] for ν(J) = −ΥJ(t)/t. Here, ω is regular if
ω ∈ S1 r {1} and f(ω) 6= 0 for all integer coefficient Laurant polynomials f with
f(t) = f(t−1) and f(1) = 1.
We note that the above definitions and Lemma 2.1 also work in the topologically
locally-flat category by replacing C with the topological concordance group and g4, c4,+,
c4,−, and c4 with g
top
4 , c
top
4,+, c
top
4,−, and c
top
4 . In particular, for ν(J) = −σω(J)/2 when ω
is regular, (2.2) holds in the locally-flat category.
Warning. We note the following subtlety. Above we gave two equivalent definitions
of c4 (and implicitly c4,±) in the smooth category. It is tempting to speculate that
the same equivalence of definitions holds in the locally-flat category. However, the
authors are not aware of a proof of this, hence Lemma 2.1 is to be read with ctop4 , c
top
4,+,
and ctop4,− defined using sequences of concordances and crossing changes. However, from
Lemma 2.2 below, we know that the lower bound (2.2) for ν(J) = −σω(J)/2 with ω
regular holds also when defining ctop4 (J), c
top
4,+(J), and c
top
4,−(J) via counting double points
in locally-flat normally immersed disks filling J . Thus, Theorem 1.1 also holds for this
definition of ctop4 .
4 PETER FELLER AND JUNGHWAN PARK
We formulate the following lemma for locally-flat immersed surfaces bounding links
since we believe this to be of independent interest; however, for the use in this text
it suffices to consider the case of L being a knot and F being a disk in the statement
(in particular, |ηω(L)− b0(F ) + 1| = b1(F ) = 0). For ω ∈ S1, we denote by σω(L) and
ηω(L) the signature and the nullity, respectively, of (1−ω)M + (1− ω¯)M transpose, where
M is a Seifert matrix for L.
Lemma 2.2. Let φ : F → B4 be a locally-flat normally immersed proper compact
surface with p positive double points and n negative double points, and let L be the link
φ(∂F ) ⊂ S3. Then, for all regular ω, we have
σω(L) + |ηω(L)− b0(F ) + 1| ≤ b1(F ) + 2n.
We derive Lemma 2.2 from the Tristram-Levine bound:
(2.3) |σω(L)|+|ηω(L)−b0(F ′)+1| ≤ b1(F ′) ([Tri69, Lev69, KT76, Pow17, CNT17]),
for every locally-flat embedded proper compact surface F ′ with boundary the link
L ⊂ S3.
Proof of Lemma 2.2. Without loss of generality we assume F has no closed components
(otherwise, consider the restriction of φ to the union of the non-closed components of F ).
We claim that there exists a locally-flat proper embedding of F ′ = F r {p +
n open disks} into B4 with boundary a link L′ that is the union of L and p + n
meridians, p of which are link positively with L and n of which link negatively with L.
To see this claim, take 4-balls Ni around double points of φ(F ) such that (Ni, Ni∩φ(F ))
is homeomorphic to (B4, B4 ∩ {(x, y) ∈ B4 ⊂ C2 | xy = 0}) preserving orientations,
where the disk B4∩{(x, y) | x = 0} carries the orientation induced by the complex orien-
tation and B4∩{(x, y) | y = 0} carries the induced complex and anti-complex orientation
for a positive and negative double point, respectively. Choose p+ n properly embedded
pairwise disjoint arcs αi in φ(F )rN◦1 ∪· · ·∪N◦p+n such that αi has one endpoint on L and
the other on Ni. Letting N be the union of the Ni and regular neighborhoods of the αi,
we observe that the pair (B4 rN◦, φ(F )rN◦) is homeomorphic to (B4, F ′) preserving
orientations, where F ′ is a locally-flat properly embedded surface with boundary a link
L′ as claimed. In particular, b0(F ′) = b0(F ) and b1(F ′) = b1(F ) + p+ n.
We note that L′ arises as a p+ n fold connected sum of L with n positive Hopf links
H+ and p negative Hopf links H−. Hence, by additivity of signature and nullity using
that σω(H
±) = ∓1 and ηω(H±) = 0, we find
(2.4) σω(L
′) = σω(L)− n+ p and ηω(L′) = ηω(L),
where ηω and σω denote the nullity and signature, respectively, for every ω ∈ S1 r {1}.
We conclude the proof by calculating that, for every regular ω, we have
σω(L) + |ηω(L)− b0(F ) + 1| (2.4)= σω(L′)− p+ n+ |ηω(L)− b0(F ) + 1|
b0(F ′)=b0(F )
= σω(L
′) + |ηω(L′)− b0(F ′) + 1| − p+ n
(2.3)
≤ b1(F ′)− p+ n
b1(F ′)=b1(F )+p+n
= b1(F ) + 2n. 
3. Theorem 1.1 via signature calculations and crossing changes
We start by making the family of pairs of torus knots from Theorem 1.1 explicit.
Recall that we write K := Tp,q#− Tp′,q′ . Pairs of torus knots {Tp,q, Tp′,q′} with Gordian
distance two or more and g4(K) = 1 are among the following
(I) {T3n+1,9n+6, T3n+2,9n+3} for n ≥ 1,
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(II) {T2n+1,4n+6, T2n+3,4n+2} for n ≥ 1, or
(III) {T2,11, T3,7}, {T2,13, T3,8}, {T2,7, T3,4}, {T2,9, T3,5}, {T2,11, T4,5}, {T3,7, T4,5},
{T3,10, T4,7}, {T4,9, T5,7}, {T3,14, T5,8}.
In fact, all these pairs have Gordian distance two or more, and, except for {T3,14, T5,8}, all
these pairs are known to satisfy g4(K) = 1. See [FP19, Theorem 1.2 and Corollary 1.3].
The goal of this section is to prove Theroem 1.1. The following lower bound will be
used and it follows from Section 2.
Corollary 3.1. If J is a knot in S3, then
ctop4 (J) ≥ max
ω regular
σω(K) + max
ω regular
−σω(K). 
The upper bound will be achieved by explicit constructions.
3.1. Proof of Theorem 1.1. In this subsection, we provide the proof of Theorem 1.1
except the necessary signature calculations. The latter are provided in the next subsec-
tion.
Proof of Theorem 1.1. Let K = Tp,q#− Tp′,q′ such that g4(K) = 1 and there does not
exist a crossing change turning Tp,q into Tp′,q′ . We establish in Examples 3.4, 3.5, and 3.6
below that
(3.1) max
ω regular
σω(K) = 2 and max
ω regular
−σω(K) = 2.
Hence, by Corollary 3.1 and the additivity of the Tristram-Levine signatures, we have
ctop4 (#
nK) ≥ 2n.
Moreover, for all integers n ≥ 1,
g4(#
nK) = gtop4 (#
nK) = n,
since all these quantities are at most n by g4(K) = 1, and the lower bound comes from
the Tristram-Levine signatures.
It remains to discuss the ‘furthermore’-paragraph. It suffices to show that for the
pairs in question, Tp,q can be turned into Tp′,q′ by two crossing changes (necessarily
of opposite sign by (2.2)). Since then, #nK can be turned into a slice knot with 2n
crossing changes, n of each sign, for all integers n ≥ 1; hence,
2n ≥ c4(#nK) ≥ ctop4 (#nK).
For the pairs {T2,7, T3,4} and {T2,9, T3,5} such crossing changes are available in the
literature (see e.g. [Fel14]). We end the proof with an explicit sequence of two crossing
changes and isotopies turning T4,5 into T3,7; see Figure 1. 
3.2. Tristram-Levine signatures calculation. Denoting by σt(J) = σe2piit(J) the
Tristram-Levine signature for ω = e2piit ∈ S1 of a knot J [Tri69, Lev69], one has
for every fixed knot an integer-valued piecewise linear function, which is constant in
neighborhoods t for which ω = e2piit is regular. We define t0 ∈ (0, 1) to be a jump point
of the signature function of J , if the right limit limt→t+ σt(J) differs from the left limit
limt→t− σt(J). And say the jump at t0 ∈ (0, 1) is limt→t+ σt(J)− limt→t− σt(J). For a
more detailed discussion, and a complete description of what functions arise as signature
functions, we refer to [Liv18].
For the proof of Theorem 1.1, it remains to check (3.1) for the pairs from the
families (I), (II), and (III). This is done by using the signature formula going back to
Hirzebruch and Brieskorn [Bri66][GG05, Proposition 5.1], which we recall below in the
proof of Lemma 3.2. We focus on (I) and (II) since (III) consists of a small finite list of
examples for which the diligent reader can check (3.1) by hand or computer. For the
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= =
crossing−→
change
isotopic←→
closure
crossing−→
change
=
Figure 1. T4,5 (left, as the closure of a 4-braid) can be turned into T3,7
(right, as the closure of a 3-braid) by two crossing changes (modification
in indicated 3-balls (red)) Also, indicated (=) are braid isotopies (gray
for the isotopy between the first and second braid, blue for the one
between the second and third braid). Only the braids, rather than their
closures, are drawn.
readers convenience we still provide a possible choice of regular ω to establish (3.1) for
the pairs from (III).
Lemma 3.2. Let 0 < p < q be relatively prime integers. The signature function σt(Tp,q)
is monotonically decreasing on [0, p+qpq ). More precisely, the jump points on [0,
p+q
pq )
occur at { `pq | p - ` and q - `} and each jump is −2. Furthermore, the jump at p+qpq is 2.
In other words, for integers ` with 0 ≤ ` < p+ q, we have
σt(Tp,q) =

−2
(
l −
⌊
`
q
⌋
−
⌊
`
p
⌋)
for t ∈
(
`
pq ,
`+1
pq
)
,
−2
(
p+ q − 4−
⌊
q
p
⌋)
for t ∈
(
p+q
pq ,
p+q+1
pq
)
.
The content of Lemma 3.2 might be well-known to experts. In particular, the first
author previously discussed the monotonicity of the signature function of the torus
knot Tp,q on [0,
p+q
pq ) with Charles Livingston. For completeness, we provide a short
elementary argument.
Proof of Lemma 3.2. We recall the torus knot signature version of the Hirzebruch-
Brieskorn signature formula [Bri66] as explicitly stated in [GG05, Proposition 5.1].
Let S := {kp + jq | 0 < k < p and 0 < j < q} ⊂ (0, 2), then we have
−σe2piit(Tp,q) = −σt(Tp,q) = #{S ∩ [t, 1 + t]} −#{S r (t, 1 + t)} for all t ∈ [0, 1].
The statements follow from the following 4 observations.
i) minS = p+qpq
ii) 1 + p+qpq /∈ S
iii) 1 + `pq ∈ S for all 0 < ` < p+ q with p - ` and q - `.
iv) `pq , 1 +
`
pq /∈ S for all 0 < ` < pq with p | ` or q | `.
Note that i) follows immediately from the definition of S. Towards establishing ii)-iv),
we will show that for 0 < ` < pq, exactly one of `pq and 1 +
`
pq is in S if p - ` and q - `,
while neither is the case if p | ` or q | `.
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To see this, for 0 < ` < pq, note that ` ≡ kq + jp mod pq for some 0 ≤ k < p and
0 ≤ j < q. Moreover, p - ` and q - ` if and only if k 6= 0 and j 6= 0, which implies iv).
Since 0 ≤ kq + jp < 2pq, we see that ` is either kq + jp or kq + jp− pq. If ` = kq + jp
with 0 < k < p and 0 < j < q, then `pq ∈ S. For the sake of contradiction, assume
1 + `pq ∈ S, then pq + ` = k′q + j′p for some 0 < k′ < p and 0 < j′ < q. This implies
that (k′ − k)q + (j′ − j)p = pq and p | (k′ − k) and q | (j′ − j). In particular, we have
that k = k′ and j = j′, which lead us to a contradiction. A similar argument shows that
if ` = kq + jp− pq with 0 < k < p and 0 < j < q, then 1 + `pq ∈ S and 1 + `pq /∈ S.
Now, i) and iv) are already shown and we find ii) and iii) easily as follows. ii) follows
from i) and the observation above since p+qpq ∈ S. iii) also follows in a similar way since
for 0 < ` < p+ q, we have that `pq /∈ S.
We conclude the proof by noting that i)-iv) imply the result: iii) and iv) give that the
jumps in [0, p+qpq ) are as claimed, while i) and ii) show that the jump at
p+q
pq is 2. 
Corollary 3.3. Let 0 < p < q and 0 < p′ < q′ be pairs of coprime integers such that
pq = p′q′ and p < p′, then
σt(Tp,q#− Tp′,q′) =

0 for t ∈ [0, 1q ),
2 for t ∈ (1q , 1q + 1pq ),
2
(⌊
p′+q′
q
⌋
+
⌊
p′+q′
p
⌋
− 4−
⌊
q′
p′
⌋)
for t ∈ (p′+q′qp , p
′+q′+1
qp ).

Example 3.4. [Family (I)] Fix an integer n ≥ 1 and set p = 3n+ 1, q = 9n+ 6, p′ =
3n+ 2, q′ = 9n+ 3.
If t ∈ ( 19n+6 , 19n+6 + 13(3n+1)(3n+2)), then σt(Tp,q#− Tp′,q′) = 2.
If t ∈ ( 12n+53(3n+1)(3n+2) , 12n+63(3n+1)(3n+2)), then
σt(Tp,q#− Tp′,q′) = 2
(⌊
12n+5
9n+6
⌋
+
⌊
12n+5
3n+1
⌋
− 4−
⌊
9n+3
3n+2
⌋)
= 2 (1 + 4− 4− 2) = −2.
Example 3.5. [Family (II)] Fix an integer n ≥ 1 and set p = 2n+ 1, q = 4n+ 6, p′ =
2n+ 3, q′ = 4n+ 2.
If t ∈ ( 14n+6 , 14n+6 + 12(2n+1)(2n+3)), then σt(Tp,q#− Tp′,q′) = 2.
If t ∈ ( 6n+52(2n+1)(2n+3) , 6n+62(2n+1)(2n+3)), then
σt(Tp,q#− Tp′,q′) = 2
(⌊
6n+5
4n+6
⌋
+
⌊
6n+5
2n+1
⌋
− 4−
⌊
4n+2
2n+3
⌋)
= 2 (1 + 3− 4− 1) = −2.
Example 3.6. [Family (III)] For all K = Tp,q#− Tp′,q′ from family (III), we provide
some ω = e2piit for which the maximum 2 and the minimum −2 of the Tristram-Levine
signatures are realized.
Slightly more conceptually, we note that pq > p′q′ in all these examples, which
immediately yields that min
ω regular
σω(K) ≥ −2. The reader might argue for the maximum
being 2 using Lemma 3.2. However, this seems artificial given the availability of the
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signature functions, which in particular yield the following:
{T2,11, T3,7}: σt(K) = 2 for t ∈ ( 221 , 322) and σt(K) = −2 for t ∈ ( 122 , 121),
{T2,13, T3,8}: σt(K) = 2 for t ∈ ( 226 , 324) and σt(K) = −2 for t ∈ ( 126 , 124),
{T2,7, T3,4}: σt(K) = 2 for t ∈ ( 212 , 314) and σt(K) = −2 for t ∈ ( 114 , 112),
{T2,9, T3,5}: σt(K) = 2 for t ∈ ( 215 , 318) and σt(K) = −2 for t ∈ ( 118 , 115),
{T2,11, T4,5}: σt(K) = 2 for t ∈ ( 220 , 322) and σt(K) = −2 for t ∈ ( 122 , 120),
{T3,7, T4,5}: σt(K) = 2 for t ∈ ( 320 , 421) and σt(K) = −2 for t ∈ ( 121 , 120),
{T3,10, T4,7}: σt(K) = 2 for t ∈ ( 328 , 430) and σt(K) = −2 for t ∈ ( 130 , 128),
{T4,9, T5,7}: σt(K) = 2 for t ∈ ( 435 , 536) and σt(K) = −2 for t ∈ ( 136 , 135),
{T3,14, T5,8}: σt(K) = 2 for t ∈ ( 340 , 442) and σt(K) = −2 for t ∈ ( 142 , 140).
4. Theorem 1.5 via Heegaard Floer invariants and cabling
The goal of this section is to prove Theorem 1.5. We start with a proposition that
summarizes the properties of the Υ-invariant [OSS17] that we use in the proof.
Proposition 4.1. For any knot J , the Υ-invariant ΥJ is a piecewise linear function
ΥJ : [0, 2]→ R with the following properties.
(1) [OSS17, Corollary 1.12] Υ is a concordance invariant and, for all knots J and
J ′,
ΥJ#J ′(t) = ΥJ(t) + ΥJ ′(t).
(2) [OSS17, Theorem 1.11] For 0 < t ≤ 1, |ΥJ(t)/t| ≤ g4(J).
(3) [OSS17, Theorem 1.14] If i is a positive integer, then
ΥT2,2i+1(t) = −i · t for t ∈ [0, 1].
Proposition 4.1 and Lemma 2.1 imply the following lower bound for the 4-dimensional
clasp number. Compare with [Liv17, Theorem 13.1] for Lemma 4.2 and its proof via
Lemma 2.1, and compare with [JZ20, Proposition 2.1], where Lemma 4.2 is derived
from the stronger bound using ν+ given in [HW16, BCG17]. More on ν+ below.
Lemma 4.2. If J is a knot in S3, then
c4(J) ≥ max
t∈(0,1]
ΥJ(t)/t+ max
t∈(0,1]
−ΥJ(t)/t. 
In [HW16], Hom and Wu define a non-negative integer valued smooth concordance
invariant ν+ for knots in S3. Following [KP18] (see also [Hom17]), we say two knots J
and J ′ are ν+-equivalent if
ν+(J#− J ′) = ν+(J ′#− J) = 0,
and it is straight forward to verify that it forms a equivalence relation on the set of con-
cordance classes of knots. By [OSS17, Proposition 4.7], we have that ν+-equivalent knots
have the same Υ-invariant. Recall that D denotes the positive untwisted Whitehead
double of the right-handed trefoil. The key fact that we will use is that D and T2,3 are
ν+-equivalent [HKL16, Proposition 6.1]. Furthermore, we have the following proposition.
Recall that Jp,q denotes the (p, q)-cable of a knot J , where p is the longitudinal winding.
Proposition 4.3. If Ki = D2,2i+1#−T2,2i+1#−D, then Ki and (T2,3)2,2i+1#−T2,2i+3
are ν+-equivalent.
Proof. As mentioned above D and T2,3 are ν
+-equivalent [HKL16, Proposition 6.1]. Fur-
thermore, for positive integer n, we have that #nT2,3 and T2,2n+1 are also ν
+-equivalent
[HKL16, Theorem B.1]. Moreover, [KP18, Theorem B] implies that (T2,3)2,2i+1 and
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D2,2i+1 are ν
+-equivalent. Hence the proof is complete by noting that ν+-equivalence
forms a equivalence relation on the set of concordance classes of knots and the fact that
K1#K2 and J1#J2 are ν
+-equivalent if Ki and Ji are ν
+-equivalent for i = 0, 1 (see
e.g. [KKP19, Proposition 3.12]). 
Finally, we compute the Υ-invariant ofD2,2i+1#−T2,2i+1#−D. By Proposition 4.3, we
only need to compute the Υ-invariant of (T2,3)2,2i+1#−T2,2i+3. Note that (T2,3)2,2i+1 and
T2,2i+3 are both L-space knots and for each L-space knot J there is a formal semigroup
SJ , a subset of Z≥0, associated to J [Wan18]. For positive integers a1, a2, . . . , a`, let
〈a1, a2, . . . , a`〉 := {c1a1 + c2a2 + · · ·+ c`a` | ci ∈ Z≥0 for i = 1, 2, . . . , n}.
For instance, the formal semigroup associated to a positive torus knot Tp,q is 〈p, q〉.
More generally, the formal semigroups of iterated cables of torus knots that are L-space
knots can be computed [Wan18, Proposition 2.7]. We only state the simplest case.
Lemma 4.4 ([Wan18, Proposition 2.7]). If (Tp,q)r,s is an L-space knot, then the formal
semigroup S(Tp,q)r,s for (Tp,q)r,s is 〈pr, qr, s〉. 
The Υ-invariant of an L-space knot can be computed in terms of its formal semigroup
(see also [BL16, Proposition 4.4] for algebraic knots).
Lemma 4.5 ([Wan18, Proposition 3.2]). If J is an L-space knot with g4(J) = g and
SJ is the formal semigroup associated to J , then
ΥJ(t) = max
m∈{0,...2g}
{−2# (SJ ∩ [0,m)) + (m− g) · t}. 
We need one last computational lemma before we prove Theorem 1.5.
Lemma 4.6. If Ki = D2,2i+1#− T2,2i+1#−D where i > 1, then
ΥKi(t) =
{ −t for t ∈ [0, 1/2],
−2 + 3t for t ∈ [1/2, 1].
Proof. By Proposition 4.3, Ki and (T2,3)2,2i+1#− T2,2i+3 are ν+-equivalent and hence
have the same Υ-invariant. Moreover, by Proposition 4.1 (1) and (3), it suffices to
compute the Υ-invariant of (T2,3)2,2i+1. For i > 1, note that (T2,3)2,2i+1 is an L-
space knot since 2i + 1 ≥ 2(2g4(T2,3) − 1) = 2 [Hed09, Theorem 1.10] and note that
g4((T2,3)2,2i+1) = i+ 2. Hence, by Lemma 4.4 and Lemma 4.5, we obtain
Υ(T2,3)2,2i+1(t) = max
m∈{0,...2i+4}
{−2# (〈4, 6, 2i+ 1〉 ∩ [0,m)) + (m− i− 2) · t}.
We claim that for t ∈ [0, 1],
(4.1) max
m∈{1,...2i+4}
{−2# (〈4, 6, 2i+ 1〉 ∩ [0,m)) + (m− i− 2) · t} = −2 + (2− i) · t.
Indeed, if 1 ≤ m ≤ 3 and t ∈ [0, 1], then
−2# (〈4, 6, 2i+ 1〉 ∩ [0,m)) + (m− i− 2) · t = −2 + (m− i− 2) · t
≤ −2 + (2− i) · t.
If instead m = 4 and t ∈ [0, 1], then
−2# (〈4, 6, 2i+ 1〉 ∩ [0,m)) + (m− i− 2) · t = −2 + (2− i) · t.
Finally, if 5 ≤ m ≤ 2i+ 4 and t ∈ [0, 1], since
〈4, 6〉 = {4, 6, 8, 10, 12, . . .} ⊂ 〈4, 6, 2i+ 1〉
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we have
−2# (〈4, 6, 2i+ 1〉 ∩ [0,m)) + (m− i− 2) · t ≤ −2 (dm/2e − 1) + (m− i− 2) · t
≤ −2dm/2e+ 2 + (2dm/2e − i− 2) · t
≤ −2 + (2− i) · t,
where the last inequality follows from the fact that if 5 ≤ m ≤ 2i+ 4 and t ∈ [0, 1], then
(−2dm/2e+ 4) ≤ (−2dm/2e+ 4) · t.
Hence we have verified equation (4.1). Finally, note that this implies that
Υ(T2,3)2,2i+1(t) = max
m∈{0,4}
{−2# (〈4, 6, 2i+ 1〉 ∩ [0,m)) + (m− i− 2) · t}
=
{ −(i+ 2) · t for t ∈ [0, 1/2],
−2 + (2− i) · t for t ∈ [1/2, 1].
Combining the above computation with Proposition 4.1 (1) and (3) yields the desired
formula. 
Proof of Theorem 1.5. Let Ki = D2,2i+1#− T2,2i+1#−D where i > 1. The knot D is
a topologically slice knot [Fre82], which implies that Ki is topologically concordant to
T2,2i+1#− T2,2i+1 which is slice. Hence Ki is topologically slice.
We claim that g4(#
nKi) = n. First, we show that g4(Ki) = 1 by following the same
argument as in [HW16, Lemma 3.3]. We consider a genus i + 2 Seifert surface Σ for
D2,2i+1 obtained by taking two parallel copies of the genus one Seifert surface for D
and connecting them with i half-twisted bands. Note that there is a genus i+ 1 Seifert
surfaceΣ′ for the knot D#T2,2i+1 embedded in Σ. The Seifert surface Σ′ is obtained
by taking the connected sum with the slightly pushed in Seifert surface for D and the
surface which is obtained by pushing in the half-twisted bands. Now, we consider a
Seifert surface Σ˜ for Ki obtained by taking the boundary connected sum of Σ with
the Seifert surface for −T2,2i+1#−D with genus i+ 1. Hence the genus of Σ˜ is 2i+ 3.
Moreover, taking the boundary connected sum of Σ′ with a slightly pushed in Seifert
surface for −T2,2i+1#−D yields a Seifert surface Σ˜′ for J = T2,2i+1#D#−T2,2i+1#−D
embedded in Σ˜ with genus 2i+ 2. Performing surgery along J on Σ˜ in B4 yields a genus
1 surface for Ki. Hence we conclude that g4(Ki) ≤ 1. Moreover, by Lemma 4.6 and
Proposition 4.1 (1) and (2), we have g4(#
nKi) = n for any positive integer n.
Lastly, the proof is complete by applying Lemma 4.2 to
ΥKi(t)/t = −1 for t ∈ (0, 1/2] and ΥKi(t)/t = 1 for t = 1 (Lemma 4.6). 
References
[BCG17] Jo´zsef Bodna´r, Daniele Celoria, and Marco Golla. A note on cobordisms of algebraic knots.
Algebr. Geom. Topol., 17(4):2543–2564, 2017.
[BL16] Maciej Borodzik and Charles Livingston. Semigroups, d-invariants and deformations of cuspidal
singular points of plane curves. J. Lond. Math. Soc. (2), 93(2):439–463, 2016.
[Bri66] Egbert Brieskorn. Beispiele zur Differentialtopologie von Singularita¨ten. Invent. Math., 2:1–14,
1966.
[CNT17] Anthony Conway, Matthias Nagel, and Enrico Toffoli. Multivariable signatures, genus bounds
and 0.5-solvable cobordisms. arXiv:1703.07540, 2017.
[DS20a] Aliakbar Daemi and Christopher Scaduto. Chern-simons functional, singular instantons, and
the four-dimensional clasp number. arXiv:2007.13160, 2020.
[DS20b] Aliakbar Daemi and Christopher Scaduto. Equivariant singular instanton homology, virtual talk
in nearly carbon neutral geometry and topology conference. Available at http://ncngt.org/
2020/05/16/floer-theory-and-low-dimensional-topology-gauge-theory/, June 2020.
[Fel14] Peter Feller. Gordian adjacency for torus knots. Algebr. Geom. Topol., 14(2):769–793, 2014.
NOTE ON THE 4-DIMENSIONAL CLASP NUMBER OF KNOTS 11
[FLZ17] Stefan Friedl, Charles Livingston, and Raphael Zentner. Knot concordances and alternating
knots. Michigan Math. J., 66(2):421–432, 2017.
[FP19] Peter Feller and JungHwan Park. Genus one cobordisms between torus knots. arXiv:1910.01672,
to appear: Int. Math. Res. Not. IMRN, 2019.
[Fre82] Michael H. Freedman. The topology of four-dimensional manifolds. J. Differential Geom.,
17(3):357–453, 1982.
[GG05] Jean-Marc Gambaudo and E´tienne Ghys. Braids and signatures. Bull. Soc. Math. France,
133(4):541–579, 2005.
[Hed09] Matthew Hedden. On knot Floer homology and cabling. II. Int. Math. Res. Not. IMRN,
(12):2248–2274, 2009.
[HKL16] Matthew Hedden, Se-Goo Kim, and Charles Livingston. Topologically slice knots of smooth
concordance order two. J. Differential Geom., 102(3):353–393, 2016.
[Hom17] Jennifer Hom. A survey on Heegaard Floer homology and concordance. J. Knot Theory
Ramifications, 26(2):1740015, 24, 2017.
[HW16] Jennifer Hom and Zhongtao Wu. Four-ball genus bounds and a refinement of the Ozva´th-Szabo´
tau invariant. J. Symplectic Geom., 14(1):305–323, 2016.
[JZ20] Andra´s Juha´sz and Ian Zemke. Concordance invariants with applications to the 4-dimensional
clasp number. arXiv:2007.07106, 2020.
[KKP19] Min Hoon Kim, David Krcatovich, and JungHwan Park. Links with non-trivial Alexander
polynomial which are topologically concordant to the Hopf link. Trans. Amer. Math. Soc.,
371(8):5379–5400, 2019.
[KM19] Peter B. Kronheimer and Tomasz S. Mrowka. Instantons and some concordance invariants of
knots. arXiv:1910.11129, 2019.
[KP18] Min Hoon Kim and Kyungbae Park. An infinite-rank summand of knots with trivial Alexander
polynomial. J. Symplectic Geom., 16(6):1749–1771, 2018.
[Kro20] Peter B. Kronheimer. Genus versus double-points for immersed surfaces, virtual
talk in the regensburg low-dimensional geometry and topology seminar. Avail-
able at https://www-app.uni-regensburg.de/Fakultaeten/MAT/sfb-higher-invariants/
index.php/Regensburg_low-dimensional_geometry_and_topology_seminar, May 2020.
[KT76] Louis H. Kauffman and Laurence R. Taylor. Signature of links. Trans. Amer. Math. Soc.,
216:351–365, 1976.
[Lev69] Jerome Levine. Knot cobordism groups in codimension two. Comment. Math. Helv., 44:229–244,
1969.
[Liv04] Charles Livingston. Computations of the Ozsva´th-Szabo´ knot concordance invariant. Geom.
Topol., 8:735–742, 2004.
[Liv17] Charles Livingston. Notes on the knot concordance invariant upsilon. Algebr. Geom. Topol.,
17(1):111–130, 2017.
[Liv18] Charles Livingston. Signature functions of knots. Proc. Amer. Math. Soc., 146(10):4513–4520,
2018.
[OS16] Brendan Owens and Sasˇo Strle. Immersed disks, slicing numbers and concordance unknotting
numbers. Comm. Anal. Geom., 24(5):1107–1138, 2016.
[OSS17] Peter Ozsva´th, Andra´s I. Stipsicz, and Zolta´n Szabo´. Concordance homomorphisms from knot
Floer homology. Adv. Math., 315:366–426, 2017.
[Pow17] Mark Powell. The four-genus of a link, Levine-Tristram signatures and satellites. J. Knot
Theory Ramifications, 26(2):1740008, 28, 2017.
[Tri69] A. G. Tristram. Some cobordism invariants for links. Proc. Cambridge Philos. Soc., 66:251–264,
1969.
[Wan18] Shida Wang. Semigroups of L-space knots and nonalgebraic iterated torus knots. Math. Res.
Lett., 25(1):335–346, 2018.
ETH Zurich, Ra¨mistrasse 101, 8092 Zurich, Switzerland
E-mail address: peter.feller@math.ch
URL: people.math.ethz.ch/~pfeller/
Georgia Institute of Technology, Atlanta, GA, USA
E-mail address: junghwan.park@math.gatech.edu
URL: people.math.gatech.edu/~jpark929/
